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We develop the Figa-Talamanca–Herz algebras and the space of p-pseudomeasures to
inverse semigroups with restricted semigroup algebras. Let 1 < p, q < ∞ be such that
1
p + 1q = 1. We define the Banach algebra of p-pseudomeasures PMp(S) and the Figa-
Talamanca–Herz algebras Aq(S). Then we show that Aq(S)∗ = PMp(S). We characterize
PMp(S) and Aq(S) for a Clifford semigroup, in the sense of p-pseudomeasures and Figa-
Talamanca–Herz algebras of maximal subgroups of S, respectively. We also show that the
character space of Aq(S) is equal to S for a Clifford semigroup S. As an example of these
Banach algebras and restricted semigroup algebras, we discuss uniformly locally finite
inverse semigroups.
© 2012 Elsevier Inc. All rights reserved.
1. Introduction
A discrete semigroup S is called an inverse semigroup if for each s ∈ S there is a unique element s∗ ∈ S such that
ss∗s = s and s∗ss∗ = s∗. An element e ∈ S is called an idempotent if e2 = e = e∗. The set of idempotents of S is denoted
by E(S). In [1,2], Amini and the first author introduced and extensively studied the concept of restricted representations,
restricted Fourier algebra A(S), Fourier–Stieltjes algebra B(S), and restricted semigroup algebra of an inverse semigroup.
The representation defined in their papers is a restriction of the representation defined in [3]. In this paper, we develop
this restricted representation on lp(S) and define the Banach algebra of p-pseudomeasures PMp(S). We also define the Figa-
Talamanca–Herz algebras Aq(S). We show that Aq(S) is a Banach algebra and Aq(S)∗ ∼= PMp(S) for two conjugate pairs
p, q ∈ (1,∞). We use an equivalence relation (D) on S to decompose PMp(S) and Aq(S) as a direct sum of other similar
Banach algebras. Thenwe use this decomposition to characterize PMp(S) and Aq(S) for Clifford semigroups and semilattices.
We discuss uniformly locally finite inverse semigroups as an example of those semigroups that have a semigroup algebra
isomorphic to its restricted semigroup algebra. At the end, we show that A2(S) = l2(S) • l2(S)∨ and the character space of
Aq(S) is equal to S for a Clifford semigroup S, and then we study the amenability of Aq(S).
Throughout this paper, we will use the notation ∼= to denote the isometric isomorphism of Banach spaces, algebras or
modules, etc. For two Banach spaces X and Y we denote by X⊗ˆY their projective tensor product and by ∥ · ∥∧ its projective
norm. We also denote byB(X) the space of all bounded operators on a Banach space X .
2. Restricted representations and the Banach algebra of p-pseudomeasures
Let S be a discrete inverse semigroup. Parallel to the group case,many authors have defined the left regular representation
of S on a Hilbert space, specially on l2(S), for example see [1,4,5,3]. The representation introduced in [1] is a restriction of
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the ∗-representation defined in [3]. Our aim in this section is to define a new representation of S not only on Hilbert spaces
but also on reflexive Banach spaces (cf. [6] for the group case) and then extend it to a representation of l1r (S), the restricted
semigroup algebra of S. This representation generalizes the ∗-representation of S defined on l2(S) in [1].
Definition 2.1. Let X be a Banach space. A restricted representation {π, X} of S is a map π : S → B(X) such that
π(s)π(t) =

π(st) if tt∗ = s∗s
0 otherwise.
Definition 2.2. For p ∈ [1,∞)we define the restricted left regular representation πp : S → B(lp(S)) by
πp(s)(δt) =

δst if tt∗ = s∗s
0 otherwise.
In other words,
πp(s)

t∈S
atδt

=

tt∗=s∗s
atδst

t∈S
atδt ∈ lp(S)

.
Let us check that πp is a restricted representation. For each s, t, u ∈ S we have
πp(s)πp(t)(δu) = πp(s)

δtu if uu∗ = t∗t
0 otherwise

=

δstu if uu∗ = t∗t, (tu)(tu)∗ = s∗s
0 otherwise,
and
πp(st)(δu) =

δstu if uu∗ = (st)∗(st)
0 otherwise.
Assume that tt∗ = s∗s. Then uu∗ = (st)∗(st) implies that uu∗ = t∗s∗st = t∗tt∗t = t∗t and so (tu)(tu)∗ = tuu∗t∗ = tt∗tt∗ =
tt∗ = s∗s. Also under the condition tt∗ = s∗s, only the condition uu∗ = t∗t implies that (st)∗(st) = t∗s∗st = t∗tt∗t = t∗t .
Therefore, πp(s)πp(t) and πp(st) are equal if tt∗ = s∗s. Now assume that tt∗ ≠ s∗s. Then both of the conditions uu∗ = t∗t
and (tu)(tu)∗ = s∗s cannot hold simultaneously, because otherwise we have s∗s = tuu∗t∗ = tt∗tt∗ = tt∗ which is a
contradiction. Hence πp is a restricted representation.
We note that the restricted representation πp is non-degenerate because πp(s)(δs∗s) = δs and so the closed span of
πp(S)(lp(S)) will be the whole of lp(S). Also the mapping πp is not necessarily a representation of S, i.e. πp(st) does not
necessarily coincide with πp(s)πp(t) for all s, t ∈ S.
Remark 2.1. As in [1] if we adjoin a zero 0 to S and put 0∗ = 0, then we get an inverse semigroup Sr with the product •:
s • t =

st if s∗s = tt∗
0 otherwise (s, t ∈ S ∪ {0}).
If we consider the restricted left regular representation πp : Sr → B(lp(Sr)), one can check that πp is a representation of Sr .
Now we consider the restricted semigroup algebra l1r (S) = (l1(S), •,∼) defined in [1]. For f ∈ l1r (S) let fˇ and f˜ be
elements of l1r (S) defined by fˇ (s) = f (s∗) and f˜ (s) = f (s∗). The action • on l1r (S) is given by
s∈S
asδs

•

t∈S
btδt

=

s,t∈S, tt∗=s∗s
asbtδst ,

s∈S
asδs,

t∈S
btδt ∈ l1r (S)

.
As it has been discussed in [1], l1r (S) is a Banach ∗-algebra with approximate identity. For p ∈ [1,∞), it is easy to see that
lp(S) becomes a left Banach l1r (S)-module by the following action:
s∈S
asδs

•

t∈S
btδt

=

s,t∈S, tt∗=s∗s
asbtδst ,

s∈S
asδs ∈ l1r (S),

t∈S
btδt ∈ lp(S)

. (2.1)
Similarly, • defines a right l1r (S)-module action on lp(S). The restricted left regular representation of S extends to a
representation of l1r (S) as usual, that is:
πp : l1r (S)→ B(lp(S)), πp(f )(g) = f • g (f ∈ l1r (S), g ∈ lp(S)). (2.2)
In fact πp(δs) = πp(s) for s ∈ S. The representation πp is called the left regular representation of l1r (S).
In the followingpropositionweuse the combinatorial techniques due toWordingham [7] to prove that the representation
πp is faithful, for each p ∈ [1,∞).
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Proposition 2.3. Let p ∈ [1,∞). Then the left regular representation πp : l1r (S)→ B(lp(S)) is faithful.
Proof. Let f = s∈S asδs ∈ l1r (S) be such that πp(f ) = 0. For e ∈ E(S) let fe = s∗s=e asδs, so f = e∈E(S) fe ande∈E(S)
πp(fe) = 0. Thus for each t ∈ S we have
0 =

e∈E(S)
πp(fe)δt =

e∈E(S)

s∈S, s∗s=e
asπp(δs)δt
=

s∈S, s∗s=tt∗
asδst =
 
s∈S, s∗s=tt∗
asδs

δt = ftt∗δt = πp(ftt∗)δt .
If we put t = e, then
0 = πp(fe)δe =

s∗s=e
asδse =

s∗s=e
asδs = fe,
and so f = 0. 
Let e ∈ E(S) and define Se := {t ∈ S | t∗t = e}. Then {Se | e ∈ E(S)} is a partition of S and so lp(S) = lp −e∈E(S) lp(Se)
for 1 ≤ p <∞. If t ∈ Se, then δs • δt ∈ lp(Se) for all s ∈ S, which shows that lp(Se) is a left l1r (S)-module, for each e ∈ E(S).
Therefore, we can define the representation π ep : S → B(lp(Se)) by
π ep(s)(δt) =

δst if tt∗ = s∗s
0 otherwise (t ∈ Se).
In fact, for

t∈Se atδt ∈ lp(Se),
π ep(s)

t∈Se
atδt

=

t∈Se, tt∗=s∗s
atδst .
We extend π ep to l
1
r (S) as it is done in (2.2) for πp. In the next proposition we decompose πp. The proof is completely similar
to the proof of [3, Proposition 4.4.5] and so is omitted.
Proposition 2.4. Let p ∈ [1,∞). Then the left regular representationπp is a direct sumof the representationsπ ep , where e ∈ E(S),
i.e. πp =e∈E(S) π ep .
Definition 2.5. Let p ∈ (1,∞). The weakest topology onB(lp(S)) insuring the continuity of the linear functionals
T →
∞
n=1
⟨gn, T (fn)⟩,
onB(lp(S))where (fn) ⊆ lp(S), (gn) ⊆ lq(S) and∞n=1 ∥fn∥p∥gn∥q <∞, is called the ultra-weak topology onB(lp(S)).
Note that Tα → T in the ultra-weak topology ofB(lp(S)) if and only if
∞
n=1
⟨gn, Tα(fn)⟩ →
∞
n=1
⟨gn, T (fn)⟩,
where (fn) ⊆ lp(S), (gn) ⊆ lq(S) and∞n=1 ∥fn∥p∥gn∥q <∞.
It is easily verified that the mappingΦ : B(lp(S))→ (lq(S)⊗ˆlp(S))∗ defined by
⟨g ⊗ f ,Φ(T )⟩ = ⟨g, T (f )⟩ (f ∈ lp(S), g ∈ lq(S), T ∈ B(lp(S))), (2.3)
is an isometric isomorphism; see also [8, Proposition A.3.70]. Using (2.3) we see that
∞
n=1
⟨gn, Tα(fn)⟩ →
∞
n=1
⟨gn, T (fn)⟩,
if and only if
∞
n=1
⟨gn ⊗ fn,Φ(Tα)⟩ →
∞
n=1
⟨gn ⊗ fn,Φ(T )⟩,
where (fn) ⊆ lp(S), (gn) ⊆ lq(S) and∞n=1 ∥fn∥p∥gn∥q < ∞. So Tα → T in the ultra-weak topology of B(lp(S)) if and
only ifΦ(Tα)→ Φ(T ) in thew∗-topology of (lq(S)⊗ˆlp(S))∗. Hence, the ultra-weak topology onB(lp(S)) coincides with the
w∗-topology arising from the predual lq(S)⊗ˆlp(S).
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As in the group case, we consider the space of p-pseudomeasures on S as follows.
Definition 2.6. Let p ∈ (1,∞). The Banach algebra PMp(S) of p-pseudomeasures on S is the closure of πp(l1r (S)) inB(lp(S))
with respect to the ultra-weak topology. We define VN(S) := PM2(S) and call it the von-Neumann algebra of S.
Since PMp(S) is w∗-closed in the dual Banach space B(lp(S)), it is a dual space too. So we are interested in determining
a predual for PMp(S). We proceed this problem in the next section.
3. Figa-Talamanca–Herz algebras and the Banach algebra of p-pseudomeasures
In this section we first introduce Figa-Talamanca–Herz algebras, Aq(S), for an inverse semigroup S and then show that
Aq(S)∗ = PMp(S).We use the usual notation c0(S) to denote the space of complex-valued functions on S vanishing at infinity.
Definition 3.1. Let S be an inverse semigroup and let p, q ∈ (1,∞) be such that 1p + 1q = 1. The space Aq(S) consists
of those u ∈ c0(S) such that there are sequences (fn)∞n=1 ⊆ lq(S) and (gn)∞n=1 ⊆ lp(S) with
∞
n=1 ∥fn∥q∥gn∥p < ∞ and
u =∞n=1 fn • gˇn. For u ∈ Aq(S), let
∥u∥Aq = inf
 ∞
n=1
∥fn∥q∥gn∥p : u =
∞
n=1
fn • gˇn

.
We define A(S) := A2(S).
It is not hard to see that ∥ · ∥Aq is a norm on Aq(S) and thus (Aq(S), ∥ · ∥Aq) is a normed vector space. In the following
proposition we list some primary properties of Aq(S). The vector space of all finite combinations of δt ’s, t ∈ S, is denoted by
F(S). We consider the following map which will be needed in the proof of the following proposition and also later:
Ψ : lq(S)⊗ˆlp(S)→ Aq(S), f ⊗ g → f • gˇ, (3.1)
where f ∈ lq(S), g ∈ lp(S).
Proposition 3.2. Let S be an inverse semigroup and let 1 < q <∞. Then
(i) Aq(S) is a Banach space.
(ii) F(S) is contained in Aq(S).
(iii) Aq(S) is dense in c0(S) with respect to the uniform norm of c0(S).
(iv) Aq(S) separates the points of S.
(v) For each u ∈ Aq(S) there exist sequences (fn)∞n=1, (gn)∞n=1 ⊆ F(S) such that u =
∞
n=1 fn • gˇn.
(vi) F(S) is dense in Aq(S) with respect to ∥ · ∥Aq .
(vii) Aq(S) is generated by elements of the form f • f˜ for f ∈ F(S).
Proof. (i) Let Ψ be as in (3.1) and let ϕ = ∞n=1 fn ⊗ gn ∈ lq(S)⊗ˆlp(S). Obviously, ∥Ψ (ϕ)∥Aq ≤ ∥[ϕ]∥, where [ϕ] denotes
the canonical image of ϕ in (lq(S)⊗ˆlp(S))/ kerΨ and ∥[ϕ]∥ is its quotient norm. Assume that ∥Ψ (ϕ)∥Aq < ∥[ϕ]∥. Then there
are sequences (hn) ⊆ lq(S) and (kn) ⊆ lp(S) such that∞n=1 hn • kˇn = Ψ (ϕ) and
∥Ψ (ϕ)∥Aq ≤
∞
n=1
∥hn∥q∥kn∥p < ∥[ϕ]∥ = inf
Ψ (ψ)=Ψ (ϕ)
∥ψ∥∧. (3.2)
Set φ =∞n=1 hn ⊗ kn. Then Ψ (φ) = Ψ (ϕ) and thus ∥[ϕ]∥ ≤ ∥φ∥∧. But, by (3.2), ∥φ∥∧ < ∥[ϕ]∥ which is a contradiction.
Therefore, Aq(S) is isometrically isomorphic to the Banach space (lq(S)⊗ˆlp(S))/ kerΨ and thus a Banach space.
(ii) For s, t ∈ S we have δˇs(t) = δs(t∗) = δs∗(t) and thus δˇs = δs∗ . Since F(S) • F(S)∨ ⊆ lq(S) • lp(S)∨ ⊆ Aq(S) and since
for s ∈ S, δs = δs • δs∗s = δs • δˇs∗s ∈ F(S) • F(S)∨, we have F(S) ⊆ Aq(S).
(iii) This is immediate by property (ii).
(iv) This follows from property (ii), since F(S) separates the points of S.
(v) First let f ∈ lq(S), g ∈ lp(S), and let ϵ > 0. Since F(S) is dense in both lq(S) and lp(S), there exist hϵ, kϵ ∈ F(S) such
that ∥f − hϵ∥q < ϵ and ∥g − kϵ∥p < ϵ. Then
∥f • gˇ − hϵ • kˇϵ∥Aq = ∥(f − hϵ) • gˇ + hϵ • (gˇ − kˇϵ)∥Aq
≤ ∥(f − hϵ) • gˇ∥Aq + ∥hϵ • (gˇ − kˇϵ)∥Aq
≤ ∥f − hϵ∥q∥g∥p + ∥hϵ∥q∥g − kϵ∥p
< ϵ
∥g∥p + ∥f ∥q + ϵ ,
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and so the linear span of A = {f • gˇ : f ∈ lq(S), g ∈ lp(S)} is contained in the closed linear span of B = {h • kˇ : h, k ∈ F(S)}.
Therefore, Aq(S), the closed linear span of A, is contained in the closed linear span of B. Hence Aq(S) is equal to the closed
linear span of B.
Now let u ∈ Aq(S). Then for each n ∈ N there is Fn in the linear span of B such that ∥u− F1∥Aq < 1 and ∥(u−
n−1
j=1 Fj)−
Fn∥Aq < 1n for each n > 1. Assume that k0 = 0 and Fn =
kn
i=kn−1+1 fi • gˇi, where fi, gi ∈ F(S). Then u =
∞
j=1 Fj and so u =∞
i=1 fi • gˇi.
(vi) Let B be as in the proof of the previous part. Since B ⊆ F(S) ⊆ Aq(S) and the linear span of B is dense in Aq(S), F(S)
is also dense in Aq(S).
(vii) This follows from property (v) and the following identity
4f • g˜ = (f + g) • (f + g)˜− (f − g) • (f − g)˜+ i(f + ig) • (f + ig)˜− i(f − ig) • (f − ig) ,˜
where f , g ∈ F(S). 
Our next aim is to show that Aq(S) is a Banach algebra with the pointwise product. For this purpose, we follow the lines
in [9, 10. B]. For two sets V andW letW V be the set of all maps from V intoW . Define
Γ : CS → CS×S, Γ (f )(s, t) =

f (st∗) if t∗t = s∗s
0 otherwise.
By setting t = s∗swe see that ∥Γ (f )∥∞ = ∥f ∥∞.
If f , g ∈ F(S), then by (2.1) f • gˇ = (s,t):tt∗=s∗s f (s)g(t∗)δst . For fixed u ∈ S, it can be checked (using the inverse
semigroup identities) that
{(s, t) : tt∗ = s∗s, st = u} = {(s, s∗u) : ss∗ = uu∗} = {(ut, t∗) : tt∗ = u∗u}.
Hence for f ∈ lq(S), g ∈ lp(S) and u ∈ S we have
f • gˇ(u) =

t∈S, tt∗=u∗u
f (ut)g(t), (3.3)
and by putting ut = swe get
f • gˇ(u) =

s∈S, ss∗=uu∗
f (s)gˇ(s∗u). (3.4)
Let Ψ : lq(S)⊗ˆlp(S)→ Aq(S) be as in (3.1). Then, using (3.3), for f ∈ lq(S), g ∈ lp(S) and s ∈ S we have
Ψ (f ⊗ g)(s) = f • gˇ(s) =

t∈S, tt∗=s∗s
f (st)g(t) =

t∈S, tt∗=s∗s
f ⊗ g(st, t),
and thus
Ψ (ϕ)(s) =

t∈S, tt∗=s∗s
ϕ(st, t) (ϕ ∈ lq(S)⊗ˆlp(S)).
Now let u ∈ CS be a bounded function, and let ϕ ∈ lq(S)⊗ˆlp(S). Then Γ (u)ϕ ∈ lq(S)⊗ˆlp(S) since ∥Γ (u)∥∞ = ∥u∥∞, and
also we have
Ψ (Γ (u)ϕ)(s) =

t∈S, tt∗=s∗s
Γ (u)(st, t)ϕ(st, t) =

t∈S, tt∗=s∗s
u(stt∗)ϕ(st, t)
= u(s)

t∈S, tt∗=s∗s
ϕ(st, t) = u(s)Ψ (ϕ)(s),
that is
Ψ (Γ (u)ϕ) = uΨ (ϕ). (3.5)
Lemma 3.3. For every f , g ∈ F(S) and ϕ ∈ lq(S)⊗ˆlp(S), we have
Γ (f • gˇ)ϕ ∈ lq(S)⊗ˆlp(S) and ∥Γ (f • gˇ)ϕ∥∧ ≤ ∥f ∥q∥g∥p∥ϕ∥∧. (3.6)
Proof. Let f , g ∈ F(S) and let s, t ∈ S be such that t∗t = s∗s. Put e = tt∗. Then (st∗)∗(st∗) = e and if u ∈ S and uu∗ = e,
then u = eu. By these observations and using (3.3) we have
Γ (f • gˇ)(s, t) = f • gˇ(st∗) =

u∈S, uu∗=e
f (st∗u)g(u) =

u∈S, uu∗=e
ft∗u(s)gt∗u(t), (3.7)
where fw is the right translation of f byw, i.e. fw(v) = f (vw) for v,w ∈ S.
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Now, we claim that
{t∗u : u ∈ S, uu∗ = e} = {v ∈ S : vv∗ = t∗t}. (3.8)
To see this: first note that if uu∗ = e then (t∗u)(t∗u)∗ = t∗t . Second, for any such u we have t(t∗u) = eu = uu∗u = u, and
so the function u → t∗u is injective on the set {u ∈ S : uu∗ = e}. Third, if v ∈ S satisfies vv∗ = t∗t , then putting u = tv we
have uu∗ = tvv∗t∗ = tt∗tt∗ = e and t∗u = t∗tv = vv∗v = v, so that we get a bijection as claimed in (3.8). Therefore one
gets
Γ (f • gˇ)(s, t) =

v∈S, vv∗=t∗t
fv(s)gv(t) =

v∈S
fˆv(s)gˆv(t),
where fˆv and gˆv are defined on S by
fˆv(s) =

fv(s) if s∗s = vv∗
0 otherwise and gˆv(t) =

gv(t) if t∗t = vv∗
0 otherwise.
Therefore,
Γ (f • gˇ)(s, t) =

v∈S
fˆv(s)gˆv(t) if t∗t = s∗s
0 otherwise,
and for h, k ∈ F(S)we have
Γ (f • gˇ)(h⊗ k)(s, t) =

v∈S
(fˆvh)(s)(gˆvk)(t) if t∗t = s∗s
0 otherwise,
which implies
∥Γ (f • gˇ)(h⊗ k)∥∧ ≤

v∈S
∥(fˆvh)⊗ (gˆvk)∥∧
=

v∈S
∥fˆvh∥q∥gˆvk∥p
≤

v∈S
∥fˆvh∥qq
1/q 
v∈S
∥gˆvk∥pp
1/p
.
Now 
v∈S
∥fˆvh∥qq =

v∈S

s∈S,s∗s=vv∗
|f (sv)|q|h(s)|q =

s∈S
 
v∈S,vv∗=s∗s
|f (sv)|q

|h(s)|q.
Fix s ∈ S. Suppose that v1, v2 ∈ S satisfy v1v∗1 = s∗s = v2v∗2 and sv1 = sv2. Then, similar to previous arguments,
v1 = v1v∗1v1 = s∗sv1 = s∗sv2 = v2v∗2v2 = v2.
It follows that
v∈S,vv∗=s∗s
|f (sv)|q ≤

x∈S
|f (x)|q = ∥f ∥qq,
which implies
v∈S
∥fˆvh∥qq ≤

s∈S
∥f ∥qq|h(s)|q = ∥f ∥qq∥h∥qq.
By a similar argument,
v∈S
∥gˆvk∥pp ≤

s∈S
∥g∥pp|k(s)|p = ∥g∥pp∥k∥pp,
and we get
∥Γ (f • gˇ)(h⊗ k)∥∧ ≤ ∥f ∥q∥h∥q∥g∥p∥k∥p.
Therefore, Γ (f • gˇ)(h⊗ k) ∈ lq(S)⊗ˆlp(S) and
∥Γ (f • gˇ)(h⊗ k)∥∧ ≤ ∥f ∥q∥h∥q∥g∥p∥k∥p (f , g, h, k ∈ F(S)). (3.9)
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Now let ϕ ∈ lq(S)⊗ˆlp(S) and let ϵ > 0. Then there are sequences (hn) and (kn) in F(S) such that ϕ = ∞n=1 hn ⊗ kn and∞
n=1 ∥hn∥q∥kn∥p < ∥ϕ∥∧+ϵ. By (3.9),ψ =
∞
n=1 Γ (f • gˇ)(hn⊗kn) is absolutely convergent in lq(S)⊗ˆlp(S),ψ = Γ (f • gˇ)ϕ
and ∥ψ∥∧ < ∥f ∥q∥g∥p(∥ϕ∥∧ + ϵ). Thus
Γ (f • gˇ)ϕ ∈ lq(S)⊗ˆlp(S) and ∥Γ (f • gˇ)ϕ∥∧ ≤ ∥f ∥q∥g∥p∥ϕ∥∧. 
Lemma 3.4. Let Ψ : lq(S)⊗ˆlp(S)→ Aq(S) be the map defined in (3.1). Then ∥Ψ ∥ = 1.
Proof. Obviously ∥Ψ ∥ ≤ 1. Let e ∈ E(S) be an idempotent and set ϕ = δe • δˇe. Then ∥δe ⊗ δe∥∧ = ∥δe∥q∥δe∥p = 1, and by
(3.3) for u ∈ S we have
Ψ (δe ⊗ δe)(u) = δe • δˇe(u) =

t∈S, tt∗=u∗u
δe(ut)δe(t) = δe(u),
and so δe • δˇe(e) = 1. If∞n=1 fn • gˇn is another representation of ϕ, then
1 = δe • δˇe(e) =
∞
n=1
fn • gˇn(e) =
∞
n=1

t∈S, tt∗=e
fn(et)gn(t) =
∞
n=1

t∈S, tt∗=e
fn(t)gn(t)
≤
∞
n=1

t∈S, tt∗=e
|fn(t)gn(t)| ≤
∞
n=1

t∈S
|fn(t)gn(t)| =
∞
n=1
|⟨fn, gn⟩| ≤
∞
n=1
∥fn∥q∥gn∥p.
Therefore, ∥ϕ∥Aq ≥ 1. Since ∥ϕ∥Aq ≤ ∥δe∥q∥δe∥p = 1, we have ∥ϕ∥Aq = 1. Thus ∥Ψ (δe ⊗ δe)∥Aq = ∥δe ⊗ δe∥∧ and so∥Ψ ∥ = 1. 
We are now ready to define Bq(S) and Cq(S) similar to the group case [9].
Let cb(S) be the space of all bounded complex-valued functions on S and let u ∈ cb(S). Let also Tu : Aq(S) → cb(S) be
defined by Tu(ϕ) = uϕ. Define
Bq(S) := {u ∈ cb(S) : uϕ ∈ Aq(S) for all ϕ ∈ Aq(S) and Tu ∈ B(Aq(S))},
and
Cq(S) := {u ∈ cb(S) : Γ (u)ϕ ∈ lq(S)⊗ˆlp(S) for all ϕ ∈ lq(S)⊗ˆlp(S) and TΓ (u) ∈ B(lq(S)⊗ˆlp(S))}.
For u ∈ Bq(S) let ∥u∥Bq be the operator norm of Tu and for u ∈ Cq(S) let ∥u∥Cq be the operator norm of TΓ (u). Therefore,
clearly, Bq(S) and Cq(S) are Banach algebras with pointwise multiplication.
For u ∈ Cq(S) we have Γ (u)ϕ ∈ lq(S)⊗ˆlp(S) for all ϕ ∈ lq(S)⊗ˆlp(S) and thus, by (3.5), uΨ (ϕ) = Ψ (Γ (u)ϕ) ∈ Aq(S).
Also since Ψ is surjective, for each ψ ∈ Aq(S) we have uψ ∈ Aq(S). Now we want to show that Cq(S) ⊆ Bq(S). For this
purpose we show that ∥u∥Bq ≤ ∥u∥Cq for all u ∈ Cq(S). Let u ∈ cb(S) and ∥u∥Cq = ∥TΓ (u)∥ = 1, so ∥Γ (u)ϕ∥∧ ≤ ∥ϕ∥∧
for all ϕ ∈ lq(S)⊗ˆlp(S). Now let ψ ∈ Aq(S) and ϵ > 0. Then there exists ϕ ∈ lq(S)⊗ˆlp(S) such that Ψ (ϕ) = ψ and
∥ϕ∥∧ < ∥ψ∥Aq + ϵ. So
∥Tu(ψ)∥Aq = ∥uψ∥Aq = ∥uΨ (ϕ)∥Aq = ∥Ψ (Γ (u)ϕ)∥Aq ≤ ∥Γ (u)ϕ∥∧ ≤ ∥ϕ∥∧ < ∥ψ∥Aq + ϵ.
Since ϵ > 0 is arbitrary, we have ∥Tu(ψ)∥Aq ≤ ∥ψ∥Aq and hence ∥u∥Bq = ∥Tu∥ ≤ 1.
Proposition 3.5. The mapping Γ induces a continuous mapping from Aq(S) into Cq(S) and ∥ · ∥Cq ≤ ∥ · ∥Aq .
Proof. Let u ∈ Aq(S) and ϵ > 0. Then there exist sequences (fn) and (gn) in F(S) such that
u =
∞
n=1
fn • gˇn and
∞
n=1
∥fn∥q∥gn∥p < ∥u∥Aq + ϵ.
For φ ∈ lq(S)⊗ˆlp(S), the series∞n=1 Γ (fn • gˇn)φ is absolutely convergent to Γ (u)φ in lq(S)⊗ˆlp(S), by Lemma 3.3, and
∥Γ (u)φ∥∧ =
 ∞
n=1
Γ (fn • gˇn)φ
∧ ≤
∞
n=1
∥fn∥q∥gn∥p∥φ∥∧ < (∥u∥Aq + ϵ)∥φ∥∧.
Hence ∥Γ (u)φ∥∧ ≤ ∥u∥Aq∥φ∥∧ and thus u ∈ Cq(S) and ∥u∥Cq ≤ ∥u∥Aq . 
Theorem 3.6. Aq(S) is a Banach algebra.
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Proof. Let u, v ∈ Aq(S) and ϵ > 0. Take ϕ ∈ lq(S)⊗ˆlp(S) such that v = Ψ (ϕ) and ∥ϕ∥∧ < ∥v∥Aq + ϵ. By (3.5) we have
uv = uΨ (ϕ) = Ψ (Γ (u)ϕ) ∈ Aq(S),
and by Proposition 3.5 and the fact that ∥Ψ ∥ = 1 we have
∥uv∥Aq = ∥Ψ (Γ (u)ϕ)∥Aq ≤ ∥Γ (u)ϕ∥∧ = ∥TΓ (u)(ϕ)∥∧
≤ ∥TΓ (u)∥ ∥ϕ∥∧ = ∥u∥Cq∥ϕ∥∧ < ∥u∥Aq(∥v∥Aq + ϵ).
Hence ∥uv∥Aq ≤ ∥u∥Aq∥v∥Aq . 
Wecall Aq(S) (A(S)) the Figa-Talamanca–Herz (Fourier) algebra of S.We are now ready to state andprove the identification
of Aq(S)∗ with PMp(S).
Theorem 3.7. For each F ∈ Aq(S)∗ there exists a unique element F ′ ∈ PMp(S) such that
⟨F ′(g), f ⟩ = ⟨f • gˇ, F⟩, (f ∈ lq(S), g ∈ lp(S)).
The linear map θ : Aq(S)∗ → PMp(S) defined by θ(F) = F ′ is a surjective isometry and it carries thew∗-topology of Aq(S)∗ over
to the ultra-weak topology of PMp(S). If h ∈ l1r (S) and Fh is the element of Aq(S)∗ defined by
⟨u, Fh⟩ = ⟨u, h⟩ =

s∈S
u(s)h(s) (u ∈ Aq(S)),
then πp(h) = (Fh)′.
Proof. Let F ∈ Aq(S)∗, f ∈ lq(S) and g ∈ lp(S). Then
|⟨f • gˇ, F⟩| ≤ ∥F∥Aq(S)∗∥f • gˇ∥Aq ≤ ∥F∥Aq(S)∗∥f ∥q∥g∥p.
So, for each g ∈ lp(S), the mapping θg : lq(S) → C defined by θg(f ) = ⟨f • gˇ, F⟩ belongs to lp(S) = lq(S)∗ and ∥θg∥
≤ ∥F∥Aq(S)∗∥g∥p. Thus, there exists F ′ ∈ B(lp(S)) such that F ′(g) = θg and
∥F ′∥ ≤ ∥F∥Aq(S)∗ . (3.10)
Now let u =∞n=1 fn • gˇn with (fn) ⊆ lq(S), (gn) ⊆ lp(S) and∞n=1 ∥fn∥q∥gn∥p <∞. Then
⟨u, F⟩ =
∞
n=1
⟨fn • gˇn, F⟩ =
∞
n=1
⟨F ′(gn), fn⟩ and |⟨u, F⟩| ≤ ∥F ′∥
∞
n=1
∥fn∥q∥gn∥p, (3.11)
and so
∥F∥Aq(S)∗ ≤ ∥F ′∥. (3.12)
Hence, by (3.10) and (3.12), ∥F∥Aq(S)∗ = ∥F ′∥ and thus θ is an isometry.
By the relation (3.11), if Fα → F in thew∗-topology of Aq(S)∗, then
∞
n=1
⟨F ′α(gn), fn⟩ →
∞
n=1
⟨F ′(gn), fn⟩,
i.e. θ(Fα) = F ′α → F ′ = θ(F) in the ultra-weak topology. So, θ carries the w∗-topology of Aq(S)∗ over to the ultra-weak
topology ofB(lp(S)). Using (3.4), for h ∈ l1r (S), f ∈ lq(S) and g ∈ lp(S)we have
⟨(Fh)′(g), f ⟩ = ⟨f • gˇ, Fh⟩ =

u∈S
f • gˇ(u)h(u) =

u∈S

s∈S, ss∗=uu∗
f (s)gˇ(s∗u)h(u)
=

s∈S
f (s)

u∈S, uu∗=ss∗
g(u∗s)h(u) =

s∈S
f (s)h • g(s) = ⟨πp(h)g, f ⟩,
and so (Fh)′ = πp(h). We now show that θ(Aq(S)∗) = PMp(S). Since θ(Fh) = (Fh)′ = πp(h), for all h ∈ l1r (S), we have
{πp(h) : h ∈ l1r (S)} ⊆ θ(Aq(S)∗).
Since l1r (S) separates points of c0(S) and Aq(S) ⊆ c0(S), the space {Fh : h ∈ l1r (S)} separates points of Aq(S) and so it is dense
in Aq(S)∗. Thus {θ(Fh) : h ∈ l1r (S)} is ultra-weakly dense in θ(Aq(S)∗) and θ(Aq(S)∗) ⊆ PMp(S). Now let T ∈ PMp(S). Then
there exists a net (hα) ⊆ l1r (S) such thatπp(hα)→ T in the ultra-weak topology. Let h ∈ l1r (S) and u =
∞
n=1 fn • gˇn ∈ Aq(S),
and set
⟨u, Fπp(h)⟩ =
∞
n=1
⟨πp(h)(gn), fn⟩.
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It is obvious that Fπp(h) is well defined. Thus we define F T ∈ Aq(S)∗ by
⟨u, F T ⟩ =
∞
n=1
⟨T (gn), fn⟩.
In fact, F T is thew∗-limit of the net (Fπp(hα)). Clearly, θ(F T ) = (F T )′ = T and so PMp(S) ⊆ θ(Aq(S)∗). 
4. A decomposition of PMp(S) and Aq(S)
Let S be a semigroup. Then, by [10, Chapter 2], there is an equivalence relationD on S by sDt if and only if there exists
x ∈ S such that
Ss ∪ {s} = Sx ∪ {x} and tS ∪ {t} = xS ∪ {x}.
If S is an inverse semigroup, then by [10, Proposition 5.1.2(4)], sDt if and only if there exists x ∈ S such that
s∗s = xx∗ and t∗t = x∗x. (4.1)
For example, if S is a semilattice, theD-classes are singletons; if S is a group, the whole group is a singleD-class; and if S is
the bicyclic monoid, direct calculations show that the bicyclic monoid is also a singleD-class.
Let D be aD-class of S. We list some properties of D.
(i) D is closed under involution (for t ∈ D choose x = t in (4.1)).
(ii) If t ∈ D, then tt∗, t∗t ∈ D.
(iii) D is not necessarily closed under multiplication in S or Sr and so is not a subsemigroup of S or Sr . But if we adjoin a zero
element 0 = 0∗ to D, then D ∪ {0} is an inverse subsemigroup of Sr .
(iv) D has cancellative property, i.e. if s, t, u ∈ D and st = ut or ts = tu in D, then s = u.
(v) l1r (D) is a Banach algebra and l
p(D) is a Banach l1r (D)-module.
As in [11, Proposition 2.15] (for case p = 1), we decompose lp(S) into the direct sum of Banach spaces lp(Dλ) for
λ ∈ Λ (1 ≤ p <∞). The proof is similar and thus is omitted.
Proposition 4.1. Let S be an inverse semigroup. Then
(i) lp(D) is a closed l1r (S)-submodule of l
p(S), where D is aD-class of S.
(ii) Let {Dλ|λ ∈ Λ} be the family of D-classes of S indexed by some set Λ. Then there is an isometric isomorphism of Banach
l1r (S)-bimodules
lp(S) ∼= lp −

λ∈Λ
lp(Dλ).
In fact, l1r (Dλ) • lp(Dµ) = {0} for two distinct λ and µ inΛ, and thus l1r (S) ∼= l1 −

λ∈Λ l1r (Dλ) acts on lp −

λ∈Λ lp(Dλ)
component-wise.
As we mentioned above, Dλ is not necessarily a semigroup, and so the space Aq(Dλ) is not defined yet. We set
Aq(Dλ) = {u ∈ Aq(S) : u(s) = 0 for all s ∈ S \ Dλ}.
By Proposition 4.1, Aq(Dλ) consists of those u ∈ c0(S) (in fact u ∈ c0(Dλ)) such that there are sequences (fn)∞n=1 ⊆ lq(Dλ)
and (gn)∞n=1 ⊆ lp(Dλ) with
∞
n=1 ∥fn∥q∥gn∥p < ∞ and u =
∞
n=1 fn • gˇn. It can then be routinely checked that Aq(Dλ) is a
closed ideal of Aq(S). The norm of u is
inf
 ∞
n=1
∥fn∥q∥gn∥p : u =
∞
n=1
fn • gˇn

.
If we decompose v ∈ Aq(S) to (vλ)λ∈Λ, for some vλ ∈ Aq(Dλ), then ∥vλ∥Aq =

λ∈Λ ∥vλ∥Aq , and so we have the isometric
isomorphism of Banach algebras
Aq(S) ∼= l1 −

λ∈Λ
Aq(Dλ), (4.2)
where the right hand side is a commutative Banach algebra with pointwise multiplication.
Proposition 4.1 shows that everyπp(f ), f ∈ l1r (S), can be decomposed as the diagonal operator

λ∈Λ πp(fλ), where every
fλ is in l1r (Dλ) and themapping πp(fλ) : lp(Dλ)→ lp(Dλ) is the multiplicationmap by fλ from the left. In the next proposition
we show that the ultra-weak closure of the set {πp(f ) | f ∈ l1r (S)} ⊆ B(lp(S)) can be identified with the l∞-direct sum
of ultra-weak closure of sets {πp(fλ) | fλ ∈ l1r (Dλ)} ⊆ B(lp(Dλ)). The notation PMp(Dλ) will (formally) denote the Banach
algebra obtained by the closure of {πp(fλ) | fλ ∈ l1r (Dλ)} inB(lp(Dλ))with respect to the ultra-weak topology.
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Proposition 4.2. Let S be an inverse semigroup and {Dλ|λ ∈ Λ} be the family of D-classes of S indexed by some set Λ. Then
PMp(S) ∼= l∞ −

λ∈Λ
PMp(Dλ). (4.3)
Proof. Let T ∈ PMp(S). Then there is a net (fα) ⊆ l1r (S) such that πp(fα) converges to T in the ultra-weak topology. We can
look at T as a matrix (Tλµ)λ,µ∈Λ, where Tλµ : lp(Dλ)→ lp(Dµ). We want to show that Tλµ = 0 for two distinct λ and µ. Let
gλ ∈ lp(Dλ) and hµ ∈ lq(Dµ). Then
lim
α
⟨hµ, πp(fα)gλ⟩ = ⟨hµ, Tλµ(gλ)⟩. (4.4)
If fα =λ∈Λ fα,λ for some fα,λ ∈ l1(Dλ), then fα • gλ = fα,λ • gλ and thus ⟨hµ, πp(fα,λ)gλ⟩ = 0. Hence by (4.4), ⟨hµ, Tλµ(gλ)⟩= 0 and so Tλµ = 0. Thus T is the diagonal matrix (Tλλ)λ∈Λ with the norm ∥T∥ = supλ∈Λ ∥Tλλ∥, and πp(fα,λ) converges to
Tλλ in the ultra-weak topology. Thus Tλλ ∈ PMp(Dλ) and (Tλλ)λ∈Λ ∈ l∞ −λ∈Λ PMp(Dλ).
Now let T = (Tλ)λ∈Λ ∈ l∞ −λ∈Λ PMp(Dλ). By the definition of ultra-weak topology we see that the family of sets of
the form
U(T ;ωϕ1 , . . . , ωϕm; ϵ) =

L ∈ B(lp(S)) :
 ∞
i=1
⟨hj,i, (L− T )gj,i⟩
 < ϵ (1 ≤ j ≤ m)

, (4.5)
where ϵ > 0,m ∈ N, ϕj = ∞i=1 hj,i • gˇj,i ∈ Aq(S) and h1,i, . . . , hm,i ∈ lq(S), g1,i, . . . , gm,i ∈ lp(S), constitutes a base
of open neighborhoods of T in the ultra-weak topology. So let U denote the neighborhood in (4.5). By (4.2) we can write
ϕj = ∞k=1 ϕj,k such that ∥ϕj∥Aq = ∞k=1 ∥ϕj,k∥Aq , (ϕj,k ∈ Aq(Dλk) and 1 ≤ j ≤ m). In fact, if hj,i = ∞k=1 hj,i,k and
gj,i =∞k=1 gj,i,k for some hj,i,k ∈ lq(Dλk) and gj,i,k ∈ lp(Dλk) (k ∈ N), as in Proposition 4.1, then ϕj,k =∞k=1 gj,i,k • hˇj,i,k. So,
there is N ∈ N such that∞k=N+1 ∥ϕj,k∥Aq < ϵ/4∥T∥ for each 1 ≤ j ≤ m. We can suppose that gj,i,k’s and hj,i,k’s are selected
such that∥ϕj,k∥Aq − ∞
i=1
∥hj,i,k∥q∥gj,i,k∥p
 < 2N−kϵ/∥T∥,
for each 1 ≤ j ≤ m. Thus ∞
k=N+1
∥ϕj,k∥Aq −
∞
k=N+1
∞
i=1
∥hj,i,k∥q∥gj,i,k∥p
 ≤ ∞
k=N+1
∥ϕj,k∥Aq − ∞
i=1
∥hj,i,k∥q∥gj,i,k∥p
 < ϵ/4∥T∥,
and so
∞
k=N+1
∞
i=1
∥hj,i,k∥q∥gj,i,k∥p < ϵ/2∥T∥. (4.6)
By the definition of PMp(Dλk), there is fk ∈ l1r (Dλk) such that πp(fk) belongs to the neighborhood Uλk(Tλk;ωϕ1,k , . . . , ωϕm,k;
ϵ/2N), so ∞
i=1
⟨hj,i,k, (πp(fk)− Tλk)gj,i,k⟩
 < ϵ/2N (1 ≤ j ≤ m). (4.7)
Set fU =Nk=1 fk which belongs to l1r (S). Then ∞
i=1
⟨hj,i, (πp(fU)− T )gj,i⟩
 =
 ∞
i=1
 ∞
k=1
hj,i,k, (πp(fU)− T )
∞
k=1
gj,i,k

≤
 ∞
i=1
N
k=1
⟨hj,i,k, (πp(fk)− Tλk)(gj,i,k)⟩
+
 ∞
i=1
∞
k=N+1
⟨hj,i,k, Tλk(gj,i,k)⟩

≤
 N
k=1
∞
i=1
⟨hj,i,k, (πp(fk)− Tλk)(gj,i,k)⟩
+ ∞
i=1
∞
k=N+1
|⟨hj,i,k, Tλk(gj,i,k)⟩|
<
N
k=1
ϵ/2N + ∥T∥
∞
i=1
∞
k=N+1
∥hj,i,k∥q∥gj,i,k∥p < ϵ (by (4.6) and (4.7)),
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and so πp(fU) ∈ U . This shows that T belongs to PMp(S). Hence
PMp(S) ∼= l∞ −

λ∈Λ
PMp(Dλ). 
Let S = λ∈Λ Dλ be the decomposition of S into D-classes, and fix λ ∈ Λ. Let H = Dλ ∪ {0}, where {0} is a formal
zero and regard H as a subsemigroup of Sr as previously remarked. Then PMp(H) ∼= PMp(Dλ) ⊕ C. So we can reduce the
study of PMp(S) to the study of PMp(H) where H is a semigroup with zero, in which all non-zero elements form a single
D-class.
By reviewing the proof of Theorem 3.7, we observe that it works for Dλ instead of S. So PMp(Dλ) is a dual Banach space
with predual Aq(Dλ).
5. Examples
5.1. Semilattices
Let S = E(S) be a semilattice. Then for each e, f ∈ S we have
δe • δf =

δe if e = f
0 otherwise,
and so l1r (S) is just l
1(S)with pointwise product. Also, everyD-class is a singleton and so
PMp(S) ∼= l∞ −

e∈S
CidCδe ∼= l∞(S) and Aq(S) ∼= l1 −

e∈S
C ∼= l1r (S),
for all p, q ∈ (1,∞).
5.2. Uniformly locally finite inverse semigroups
If (P ,≼) is a partially ordered set, we let (p]P = {q ∈ P | q ≼ p}. Following [12], we say thatP is uniformly locally finite
if there exists C > 0 such that |(p]P | ≤ C for each p ∈ P . Let S be an inverse semigroup. Then there is a canonical partial
order on E(S) and S as follows:
p ≤ q ⇐⇒ p = qp = pq (p, q ∈ E(S)),
and
s ≤ t ⇐⇒ s = ss∗t (s, t ∈ S).
An inverse semigroup S is called uniformly locally finite if the partially ordered set (E(S),≤) has the corresponding
property; see [11, Definition 2.13]. By [11, Proposition 2.14], (S,≤) is uniformly locally finite if (E(S),≤) is uniformly locally
finite. In fact for t ∈ S, (t]S = {pt | p ∈ (tt∗]E(S)}. Therefore, the class of uniformly locally finite inverse semigroups
includes inverse semigroups with a finite set of idempotents, as well as, those inverse semigroups whose semigroup
algebras are biflat; see [11, Theorem 3.4]. A number of examples of uniformly locally finite semilattices are constructed
in [12].
For a uniformly locally finite inverse semigroup S, we may identify l1(S), by an isomorphism of Banach algebras, with
l1r (S); see [11, Theorem 2.16]. Therefore, Figa-Talamanca–Herz algebras on uniformly locally finite inverse semigroups are
defined using the natural product in S.
5.3. Clifford semigroups
An inverse semigroup S is called a Clifford semigroup if s∗s = ss∗ for all s ∈ S. For e ∈ E(S) define Ge := {s ∈ S | s∗s =
ss∗ = e}(=Se). Then Ge becomes a group with identity e. If H is a subgroup of S with identity e, then H ⊆ Ge and so Ge is a
maximal subgroup of S called maximal subgroup of S at e. Here eachD-class D contains a single idempotent (say e) and we
have D = Ge. Therefore,
PMp(S) ∼= l∞ −

e∈E(S)
PMp(Ge) and Aq(S) ∼= l1 −

e∈E(S)
Aq(Ge), (5.1)
for all p, q ∈ (1,∞). Moreover, if every Ge is abelian, then
VN(S) ∼= l∞ −

e∈E(S)
L∞(Gˆe) and A(S) ∼= l1 −

e∈E(S)
L1(Gˆe),
where Gˆe is the Pontryagin dual of Ge. In particular if each Ge is a finite abelian group, then
VN(S) ∼= l∞(S) and A(S) ∼= l1r (S).
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6. Some properties of Aq(S) and A(S) for a Clifford semigroup S
The following proposition extends some results about the Fourier algebra of a locally compact group, due to Eymard [13],
to Clifford semigroups (in discrete case).
Proposition 6.1. Let S be a Clifford semigroup and let h ∈ A(S). Then
(i) h =e∈E(S) fe ∗ gˇe for some fe, ge ∈ l2(Ge), where ∗ is the usual convolution product.
(ii) ∥h∥A(S) =e∈E(S) ∥fe∥2∥ge∥2 for some fe, ge ∈ l2(Ge).
(iii) If E(S) is finite, then h = f • gˇ for some f , g ∈ l2(S).
Proof. By (5.1) we have h = e∈E(S) he, where he ∈ A(Ge) ande∈E(S) ∥he∥A(Ge) < ∞. So by [13, Théorème, p. 218] there
are fe, ge ∈ l2(Ge) such that he = fe ∗ gˇe and ∥he∥A(Ge) = ∥fe∥2∥ge∥2. This proves (i) and (ii). Since δs • δt = 0 for s ∈ Ge
and t ∈ Ge′ for two distinct e and e′ in E(S), we find that fe • gˇe′ = 0. Thus if E(S) is finite, by setting f = e∈E(S) fe and
g =e∈E(S) ge, which belongs to l2(S), we see that h = f • gˇ . 
For a Banach algebra A, we useΦA to denote the character space of A. For a locally compact group G, it is well known that
ΦAq(G) = G [14, Theorem 3, p. 102]. Using (5.1), we extend this result to Clifford semigroups (in the discrete case). We need
the following lemma.
Lemma 6.2. Let (Aλ)λ∈Λ be a family of Banach algebras and let A = l1−λ∈Λ Aλ be the Banach algebrawith pointwise product.
ThenΦA =λ∈ΛΦAλ .
Proof. Let ϕ be a non-zero element ofΦA. Take a = (aλ) ∈ A such that ϕ(a) ≠ 0. If we identify aλ with its image in A (which
is aλ in the λ-th place and zero elsewhere), then there is λ0 ∈ Λ such that ϕ(aλ0) ≠ 0. Now if b = (bλ) ∈ A is with bλ0 = 0,
then ϕ(aλ0)ϕ(b) = ϕ(0) = 0 and so ϕ(b) = 0. Thus ϕ ∈ ΦAλ0 . Conversely, every ϕ ∈ ΦAλ0 defines a character ϕ˜ on A with
ϕ˜(a) = ϕ(aλ0) for a = (aλ) ∈ A. 
Theorem 6.3. Let S be a Clifford semigroup and 1 < q <∞. ThenΦAq(S) = S.
Let A be a Banach algebra with an approximate identity (ei)i∈I , and let ϵ > 0. Take a non-zero a ∈ A. Then there is i0 ∈ I
such that ∥eia− a∥ < ϵ∥a∥ for all i ≥ i0. Thus
(1− ϵ)∥a∥ < ∥eia∥ ≤ ∥ei∥ ∥a∥ (i ≥ i0),
and so ∥ei∥ > 1− ϵ for all i ≥ i0.
Lemma 6.4. Let (Aλ)λ∈Λ be a family of Banach algebras and let A = l1−λ∈Λ Aλ be the Banach algebrawith pointwise product.
Then A has a bounded approximate identity if and only if Λ is finite and each Aλ has a bounded approximate identity.
Proof. Let (ei)i∈I be a bounded approximate identity for Awith boundM . If Pλ : A → Aλ is the canonical projection, certainly
(Pλ(ei)) is a bounded approximate identity for Aλ. Let ϵ ∈ (0, 1), and let N ∈ N be such that (1− ϵ)N > M . IfΛ is not finite,
we can choose λ1, . . . , λN ∈ Λ and by the above discussion we can find i(n) ∈ I (1 ≤ n ≤ N) such that ∥Pλn(ei)∥ > 1− ϵ
for all i ≥ i(n). Let i0 ≥ i(n) for all 1 ≤ n ≤ N . Then
M ≥ ∥ei0∥ ≥
N
n=1
∥Pλn(ei0)∥ ≥ N(1− ϵ) > M,
which is a contradiction. SoΛmust be finite. Conversely, letΛ = {λ1, . . . , λn} for some n ∈ N, and let (ei1)i1∈I1 , . . . , (ein)in∈In
be bounded approximate identities for Aλ1 , . . . , Aλn respectively. Now let (a1, . . . , an) ∈ A, where ak ∈ Aλk for 1 ≤ k ≤ n,
and let ϵ > 0. Then for each k there exists ik ∈ Ik such that ∥eikak − ak∥ < ϵn and ∥akeik − ak∥ < ϵn . Therefore,
∥(ei1 , . . . , ein) · (a1, . . . , an)− (a1, . . . , an)∥ =
n
k=1
∥eikak − ak∥ < ϵ,
and
∥(a1, . . . , an) · (ei1 , . . . , ein)− (a1, . . . , an)∥ =
n
k=1
∥akeik − ak∥ < ϵ.
So, if we set I = I1 × · · · × In, then {(ei1 , . . . , ein)}(i1,...,in)∈I becomes a bounded approximate identity for A. 
In the next theorem we characterize the existence of a bounded approximate identity in Aq(S) in terms of amenability
of Ge’s and l1(S). For the definitions of amenability of locally compact groups and Banach algebras we refer the reader
to [15].
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Theorem 6.5. Let S be a Clifford semigroup. Then the following are equivalent.
(i) Aq(S) has a bounded approximate identity.
(ii) E(S) is finite and Aq(Ge) has a bounded approximate identity for each e ∈ E(S).
(iii) E(S) is finite and Aq(Ge) has a bounded approximate identity bounded by 1, for each e ∈ E(S).
(iv) E(S) is finite and Ge is amenable for each e ∈ E(S).
(v) l1(S) is amenable.
Proof. The equivalence of (i) and (ii) is obtained by (5.1) and Lemma 6.4. The statements (ii), (iii) and (iv) are equivalent
by [9, Theorem 4.10]. The equivalence of (iv) and (v) is a consequence of [16, Theorem 8] and [17, Corollary 1]. 
Proposition 6.6. Let S be a Clifford semigroup such that E(S) is finite and each Ge has an abelian subgroup of finite index for
each e ∈ E(S). Then Aq(S) is amenable for each q ∈ (1,∞).
Proof. For case q = 2, this is immediate by [18, Theorem 2.3]. For case q ≠ 2, it is pointed out in [19, Remark 2] that each
Aq(Ge) is amenable, and thus Aq(S) is amenable. 
For the converse of Proposition 6.6, by using Theorem 6.5 and [18, Theorem 2.3], we only have a partial result.
Proposition 6.7. Let S be a Clifford semigroup such that Aq(S) is amenable for some q ∈ (1,∞). Then E(S) is finite. Moreover,
in case q = 2 each Ge has an abelian subgroup of finite index (and so is amenable) for each e ∈ E(S).
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